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& 45. If from the Arch aD given the Sine AB
D was required ; I extract the Root of the Equation

W found above, wiz. 2 ==x 4 ix3 4 Lxs -}
+55x7 (it being fuppofed that AB — =
and Ae—1) by whichI find x =2 — 423+ | sin(2)
(5:25 — 552" + 7orrve?’ O )

46. And morcover if the Coline Af wcre
required from that Arch given, make A
Vimxx) =1— 1z 4 Tzt —
40 ; 2 oz' - T??i'mzlo: @""

cos(z)
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sin~!(z)
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Inverting z = sin ! (z) to find z =
sin(z)




Inverting z = In(1 + z)
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43 Thus if from the Area ABDC of the Hy;
pesbola (;i—; ==y) given I wanted to inveftigate

the Bafe AB, calling the Area z, I extra& the c
Root of this Equation z (ABCD) = x — {x*
-+ +x3 — ix4, &c. negle@ting thofe Terms in D
which x is of more Dimenfions than 2 is defired
in the Quotient.
AL T 12 Maeers . o~ 2 en Lova Minmon
Figure 1: (Newton & Stewart, 1745, p. 337)
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Goal:

z(2) = az + B22 + v23 + 821 +e2°... c

1 1 1 1
z(z) =z — §m2 + §x3 — Zx“ + 5‘”5 + ..
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Asif T would bave z to rife to five Dimen- o B
fions only in the Quotient, I negle& all the Terms — x% 4 1x7 —
3%, &c. and extradt the Root of this only {x5 — {xt 4 jx3 — {a*®
+x—z=o0.

Figure 2: (Newton & Stewart, 1745, p. 337)
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1 1 1 1
—z+z— -+ 2 — -zt 4 =

5 __
2 3 1 72 =0
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T = z+ P
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+5(2 +p)°
1
T = 2+ p| —%(Z-i-p)i
0— 4 —|—§(z—|—p)
—5(z2+p)?
+ z+p

s
|
']
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54,3 ... 3

after the firft Term rcfultmg from each

collateral to it. I 4dd no more Terms upon the rig
Index o imenfion of that E_HE Term Iwants Units of the In-
ex of the greate imenfion. | '
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+325
_iz4 — 23p

0= < +32% + 2%p + 2p?
_%zz —zp — %pz
+z +p
—2z
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+ =5 &.

— Izt — 23 Ec.

+ o 4 2p + * &
— i —2p — ip?

+32 +27
—

Figure 3: (Newton & Stewart, 1745, p. 337)
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p= lz2 +0(23)

4 Lz5 &e. =

— —z‘—z’p ES’C.'

—zl-l-z’p-{-qo .
Ii'_—-,-z»-w — i
“4 3 .hp

Figure 3: (Newton & Stewart, 1745, p. 337)
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+ =5 &
—z*-zlp &e.
+ {14 2 + o &

..*:'

ztp==x

b

X
I
l
4.3
|
¥

|+ 1+14
-%:q-l-

2t g=p
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w25 &c.
izt — 2% G
123 - 2% 4 2p* Ge
2 — 2P — P
+ 7

_z -I-p:.—.. :;'_

4+ 1+1+
X ¥
-+

N R -#...#.

N\

2t g=p
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z4p=x
x
z
wtg=p |+
%P’
zp

1-'\_& ¥

-
]
-

Rl R R IR

Figure 4: (Newton & Stewart, 1745, p. 337)
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+2(322+q)° |52t 5-5=0
i
R 5
+z2(%z2 + q) +%z1 -+ z2q 5—4=1
0={—#(37+q) _]—37—az 5—3=

+(32% +q) +122+¢

+%z5 +éz5

—1,4 _%24

+%z3 +%z3

1 1

—1z2 —1p2
\ \
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4 4
+2(32% + q)2 i 9—5=0
[ S : ~
—3(322+a)° | 7s7 imafier S4=l
(v |0 5—5=0
B e
— (1,2 1,5 __ 2=
0= 2522 +q) _ %z 9z 0—3=2
+(32° +q) +322+4
+%z5 +%z5
—%z4 _iz4
+52° +352° LINEAR in g
_%22 _%22
\ \
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1.3 1.4, 1.5
z g2 4—20z

6
1—2z+ 122
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2. When I fee that p, ¢, or , &c. in the laft refulting Equation,
is found of one Dimenfion only, I feek it's Value, that is to fay the
remaininfg Terms, which are ftill to be added to the Quotient, by
means of Divifion; as you fce done here.

Figure 5: (Newton & Stewart, 1745, p. 338)

1—2 - 12%) $23 —= 2% 4 525 (423 + 752t - 1o2s

Figure 6: (Newton & Stewart, 1745, p. 337)
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1.,3_1,4, 1
z g% +20z

6
1—2z+ 322

5

Long Division
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. 3 . _1 3 i 4 i 5 7
L.Ol’\sv oll\/lSnon. 1=5% 1t 557 T 130? +0(2")

1 2
$:Z+§z +4q

_ l2 13 1 4 1 5
a:—z+2z +62 +24z +1202 4+ ...
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x =z 4 L12* 4 123 4 Lzt + 1525 G
zp=x |+ |+ 325 &
—_— —z‘—z’p
¥ o | fimyap o on
— | —dr—mp —ip
+x |+ +5
—_— —_—
wtg=p |+ |+ O
— 3p* | — ¥ — 12y
— 2% | — 3% e
+ 2 | + 42t + 2%
— # I 23 ; 2
it
Tl | TiaTe
— L | a— %z"
+ 1w |+
— :zt __:_zs
1—2 4 12%) §23 — 2 4+ 525 (§23 + 52t + L2
Figure 19: (Newton & Stewart, 1745, p. 337)
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Inverting z = sin~!(z)
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infFinite

1 3 5 35
_ _ 13, 9 5, 9 7« 94
= z(x) m+6x +4O:B +112IE +—11523: +

finite

z—x+lz3+i$5+ix7+ﬁx9
B 6 40 112 1152
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z—x+lm3+3$5+ix7+ﬂz9
B 6 40 112 1152

rearrange: 35

rT=zZ+Dp G
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substitute
rT=z+p 35
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;-

+1555(2° +928p) + ...

...........

0= d+i5 (2" +i52%p + 1023p2 i+ )+ -

..............................

..............................

+z+p
—2

\

o © ©  |©
ool ol nof]
e ol = (e

Nl
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Q,?,5,3... q % 2

after the firft Term,\refulting from each Quannty which is collateral

to it, you add no moig Terms towards the Right Hand, than what
the wantE Pairs oz Units |
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+1152 z”

—2(27 + 7256 )
+430(z5 + 5z%p + 1023p?)
+5(2° 4 32%p + 32p? + p?)
+2 +p
—z
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p=—52+0()

0= {—40
+3(2% | +322p + 32p? + p?)
+2 +D
—z
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re.arrange

.

(| 35
+1152%
+155 (27 + 72%p)
+%(25 + 5z4p + 1023p2?)

+3(28
+z

—Z

9

+32%p + 32p® +p?)
+p
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+p°
+%23p2
+1zp?
+:252%p
+3224p
+%z2p

35 .9
t1152%

3.5
+i0%

substitute

p=—57+q
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add like terms...

(—T206 + 35 — 572 T T3)%°
(+é - %T?o + 151)2)27
(+3 — 5)a%*
0= (-4 + )=
+%z2q
=55 +4
1520
\
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(_Tlgﬁ + % - 63752 + 1?22)‘39
(+75 — 225 + 133) %"
(+10 — 5)a"
0=1(—15+3)?°
+32%q
7:3,;{_’_ q Linear in q!
o
\
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S SN LA (1+1 +5)
20% T 252 10368° 2% Tog”

1 17 .9
120z +252Z + 703687
1.2, 5.4
1+2z —|—24z
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Long Division!
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+ —z +——z/ z 1t 27
252 10368
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X

_1_ z5 _1_27 + _E zq _1_. zs
120 252 1036% 120
1 s 1 F 5,
0 240 28380,
0 1 7 1 2

T — | em———
5040  1036%

NEWTON’S POWER SERIES FOR SINE & COSINE (1669/1711) Victor Elgersma & Emma Ottenhof



—Z g —Z _z - —_—
120 252  1036% 120 5040
BN
2880
1
1036%
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1 12_2415

- 1 Z -
5040 1036%
1 7 1 2

3628380
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12 5‘;//1 s 1 7 12 _a 1 s 1 3/ 1
+ -z +—z _Z —_Z +— 2z —_— 2 - e— —
224/ 720 252 10363 1200~ 5040° '\ 362820

1 5 1 7 5 g

—_—Zz - Z -

— z +
~ 120 240 28380

1z 1 2

Z -
5040 1036¢
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e e _o N _ L 5 1 7 1 9
Long division: 7= 130% ~ 5040° T 362880°
1
_,_ 1.3
r==z 6z +4q
1 1 1 1

— -3 = L5 7 9 O 11
T=z= 62+ 1552 ~ 5oa0% +36ass0° T O

NEWTON’S POWER SERIES FOR SINE & COSINE (1669/1711) Victor Elgersma & Emma Ottenhof



[N o [N . . 1 5_ 1 7 1 9
Long division: 1= 155% " 50m0° T 3698807
1
R
r==z 62: +q
1 3 1 5 1 7 9

= — — S - O 11
r=z 62 —|—120z 50402 +36288()z + (z )
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. Ls L L 1 9
TEETET Y1207 T 5040° T 362880
+3500 |+ +
+13527 +125(z7 +725p) + ...
T=2z+p +2a5 +35( 28 + 52%p + 1023p2) + ...
+ig3 +3( 2 +32%p+32p> +p?)
+x +z+p
—z —z
+%p3 —m5?®+ -
+223p? 2+
+32p? +527 — %zt
p= —%23 +q +%z6p -0+ ..
+%z4p — a2 + Bgat+ ..
+32%p —152° +32%¢
p —2°+a
+1252° +135520
+13527 +2527
+%z5 +32°
+12 +52°
+7 +z
— —Z
1432424/ 1 5, 1 7 17 o\ Lo Lo 1 o
2 21 1202 1T 3554 1 To368% 120° ~ 5040° " 362880
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& 45. If from the Arch aD given the Sinc AB
D was required ; I extract the Root of the Equation

Wy found above, wiz. =z ==x 4 {03 4 L (1711)
457 (it being fappofed that AB —=x, uD_.z,
and Aa=1) by whichI find x =z — 323 -
TR — s_o,4 +27 + ‘;TTITQ_oz’ &e.
A B

o0
— Zn —I— 1)!
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Finding cos(z) By Applying the

Binomial Series To /1 — sin?(2)
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Questions?




Newton, Isaac, and John Stewart. Sir Isaac Newton's Two Treatises of the Quadrature of
Curves, And Analysis by Equations of an Infinite Number of Terms Explained. Printed by
James Bettenham for J. Nourse, 1745. https://books.google.it/books?id=noQ
AAAACAA].
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